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» Machine learning is about solving an optimization problem whose variables are the
parameters of a given model.

» Solving optimization problems requires gradient information.

» Central to this chapter is the concept of the function, which we often write

f:RP R
x — f(x)
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Why Should | Care About Derivatives?

> Training Al models: Every time a neural network learns, it computes derivatives to
figure out how to improve

» Gradient descent: The derivative tells the model which direction to “walk” to
reduce its errors

» Physics simulations: Derivatives describe velocity, acceleration, and change in
games and simulations

» Economics: Marginal cost, marginal revenue — all derivatives!

|
In one sentence: Derivatives tell you how things change — and Al is all about
learning from change.
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Difference Quotient and Derivative

» Difference Quotient. The average slope of f between x and x + 0x

Oy def f(x + 0x) — f(x)
ox Ox

» Derivative. Pointing in the direction of steepest ascent of f.

df gef m f(x+ h) —f(x)
dx  h—0 h
» Unless confusion arises, we often use f’ = %.
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Taylor Series

P> Representation of a function as an infinite sum of terms, using derivatives of f
evaluated at xp.
» Taylor polynomial. The Taylor polynomial of degree nof f : R — R at xp is:

To(x) d_efE”: f(k)(Xo)(X_x)k where £(¥)(xo) is the kth derivative of f at
n = P 0)", o) is the erivative of f at xg.
k=0

» Taylor Series. For a smooth function f € {C}°, the Taylor series of f at xg is:

> £(K) (x
Too(X) d:efz fi ( 0)(x—x0)k.

k!
k=0

> If f(x) = To(x), f is called analytic.
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Differentiation Rules

» Product rule. (f (X)g(X = f/(X)g( ) + f(x)g’'(x)

. f(x e (x
» Quotient rule. <g%x§ )g )&’ (x)
» Sum rule. (f(x)+ g(x)) = f'(x) +g( )

(x)) =
» Chain rule. (g(f(x))) = g'(f(x))f'(x)
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Quick Recap: Derivatives

What we just learned:

» Derivative = slope of a function at a point (rate of change)
» Taylor series = approximate any smooth function using its derivatives

» Key rules: product, quotient, sum, chain — these are your tools for computing
derivatives

> Next up: What happens when functions have multiple inputs?
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Why Should | Care About Gradients?

» Multi-dimensional optimization: Real models have thousands to billions of
parameters — you need partial derivatives for each one

» The gradient points in the direction of steepest ascent (negate it — steepest
descent = learning!)

P> Image recognition: The gradient tells you which pixels matter most for the
model’s prediction

» ChatGPT & LLMs: Every word prediction involves gradient-based updates across
millions of parameters

|
In one sentence: The gradient is the compass that guides Al models toward better
predictions.
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» Now, f:R"— R.

» Gradient of f w.r.t. x, denoted V,f: Vary one variable at a time, keeping the
others constant.

Partial Derivative. For f : R" — R, Gradient. Get the partial derivatives and
collect them in the row vector.

of . f(x1+ hxo,...,xp) — F(x)

ox i h df OF (x) OF (x) 1x
. vxf:$:<a)q 8)(,,)6R

of . f(x1, %2, ...y xp + h) — F(X)
= lim

0%,  h—0 h
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> Example.f(x,y) = (x + 2y3)?

of(x,y) 3 Ox + 2y3 B 3
of(x,y) 3 Ox + 2y3 3\ 2
— =2 2y ) ———— =12 2
dy 427 =5, (x+2y°)y
> Example.f(x1,x) = x2x2 + x13
v P df _ [ Of(a,x)  Of(xi,x) ) _ (2 + 3 2 +3 2)
(Case) ™ = gy T Ox Ox2 =T X X X1X3
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Rules for Partial Differentiation

» Product rule
» Sum rule

» Chain rule
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More about Chain Rule

» f:R? > R of two variables x; and x. x1(t) and x»(t) are functions of t.

o (g gy () - oo o om
dt 8X1 8X2 8X62§t) 8X1 8t 6X2 81-.

» Example.f(xi, x2) = x2 + 2xp, where x1(t) = sin(t), x2(t) = cos(t)

df_@f(?xl 8f8X2_ . o A B
Pl + oo 0 2sin(t) cos(t) — 2sin(t) = 2sin(t)(cos(t) — 1)

» f:R2 > R of two variables x; and xo. x1(s, t) and xa(s, t) are functions of s, t.

of o of 8x1 of 8xz

Js  Oxq O0s  Ox» Os g 8
0s 8X]_ Js + 8X2 s df _ g ax _ (gi gi) <59X51 gxtl>
8f o 8f 8X1 3f 8X2 d(S7 t) 6)( 8(57 t) X1 X2 % %

9t o 0t o Ot
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Quick Recap: Partial Derivatives & Gradients

What we just learned:

» Partial derivative: change one variable, keep the rest fixed

» Gradient: collect all partial derivatives into a row vector

» Chain rule extends naturally to multiple variables

> Next up: What if the output is also a vector? — Jacobian matrices
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. T
» For a function f : R” — R™ and vector x = (x1 Xn) € R”, the
vector-valued function is:

f1(x)
fx)=1

fm(x)
9,
of Ox;

» Partial derivative w.r.t. x; is a column vector: — = :
Oxi Ot
ox;
: o df(x)  ar (%)
Gradient (or Jacobian): Ix ( e S )
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o df(X)  rerm DF(x)
J=Vd=— —= (aTl aTn)
0fi(x) ... 9h(x)
Ox1 Oxn
Om(x)  Ofm(x)
Ox1 Oxn

» For a R” — R™ function, its Jacobian is an m x n matrix.

18 / 65
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Example: Gradient of Vector-Valued Function

> f(x) = Ax, f : R" — R™ A € R™<" x ¢ R"

n
> Partial derivatives: fi(x) = Y Ajxj = % = Aj
j=1 /
» Gradient
4t % % A - Al R
dx 8;‘,,7 B-fm A A
O ... O 1 A
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Example: Chain Rule

» h:R— R, h(t) = (f o g)(t) with
f:R%— R, f(x) = exp(xlx»f), g:R—R? x= (X1> =g(t) = <tC°5(t)>

Of ~ R1x2 9 2x1
> (Note) g € R*** and 38 € R*X

» Using the chain rule,

dh  OFOx  (aor o\ (B2
dt_axat_<6X1 8Xz) %

= (exp(><1x22)x22 2exp(xlxz2 )X1x2) (gﬁs((tt)); ttcscl>28>
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Example: Least-Square Loss (1)

A linear model: y = ®0
0 € RP: parameter vector
& € RV*DP: input features

y € RN: observations

vVvYyyVvyy

Goal: Find a good parameter vector that provides the best-fit, formulated by
minimizing the following loss L : RP — R over the parameter vector 6.

L(e) & |le|>, where e(8) =y — ®O
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Example: Least-Square Loss (2)

, 0L _dLoe
90 e 0O
oL oL Oe
» N t - RlXD RIXN RNXD
T de ' 96
oL Ode
> Using that |[e]?=e'e, — =2’ e RN and — = —d € RV*P
Oe 00
Finally, we get: oL _ 2e’ (~®)=-2y' —0T®") o
’ 00 —_—

1xN NxD

22 / 65
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Gradients of Matrices

» Gradient of matrix A € R™*" w.r.t. matrix B € RP*9

» Jacobian: A four-dimensional tensor! J = Z—
A e R 0A € Ré%2
oz
- G R
0z, collate
% 4x2
oz, eR
4
3
—

2
(a) Approach 1: We compute the partial derivative
ngl s g;; s gfs, each of which is a 4 x 2 matrix, and col-
late them in a 4 X 2 X 3 tensor.

LA multidimensional array
(© Dr. Mohammed Alnemari

Q e R(mxn)x(pxq)

dA 8x3 dA 4x2x3
A R4*? AcR® @ €ER TGR

ce-shape, adient re-shay
H‘lp o pe

(b) Approach 2: We re-shape (flatten) A € ]R“XZ_ into a vec-
tor A € R8. Then, we compute the gradient % € R®*3.
We obtain the gradient tensor by re-shaping this gradient as

illustrated above.
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Example: Gradient of Vectors for Matrices (1)

> f(x) = Ax, f € R™, A€ R™", x € R". What is 9,7

» Dimension: If we consider f : R™*n s Rm  df o pmx(mxn)

» Partial derivatives: % e Rix(mxn)  df
n
, of;
f;:ZA’JXJ’,:l77m:> 8A,‘q:Xq7
Jj=1
ofi _ x| € RMX" (for jth row vector)
OA,.
fi .
of _ 0" € RYIX" (for kth row vector, k # i)
8Ak75,'.

(© Dr. Mohammed Alnemari
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OA
OT
0T

of; T 1
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A~ o | ©

0T
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Example: Gradient of Matrices for Matrices (2)

> R € R™ and f: RM*" s RN with f(R) = K % RTR € R™". What is

dR

dK c R(nxn)x(mxn)?

> % € RYXmxn_Let r; be the ith column of R. Then Kpg = r;rq =Y 11 RipRig-

» Partial derivative

OKpg _
OR;

(© Dr. Mohammed Alnemari

m
k=1

oK,

OR;

0
TRURkkaq = Opgij> Opgij =

fj=p,p#q
fj=aq,p#q
fj=p,p=gq
otherwise
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Useful Identities =
2 ' (8f =S (5.99

X X

%tr(f(x)) =t (3,;(;()) (5.100)
aix det(£(X)) = det(£(X))tr (f(X)‘I%) (5.101)
(rjin(X)*1 = —f(X)ﬂ%f(X)ﬂ (5.102)
aa;);lb =—(X"HTab" (X7 (5.103)
a;;;a =a’ (5.104)
ag;w =a’ (5.105)
aaa;‘fb =ab’ (5.106)
8w;f f=2"(B+B") (5.107)

%(w — As)"W(x — As) = —2(x — As)'WA for symmetric W

© Dr. Mohammed Alnemari (5.108) 28/65
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Why Should | Care About Backpropagation?

> The engine of deep learning: Without backprop, training neural networks would
be computationally impossible

» Efficiency: Backprop computes gradients for millions of parameters in roughly the
same time as one forward pass

> Every Al framework uses it: PyTorch, TensorFlow, JAX — they all implement
automatic differentiation via backprop

» Understanding backprop = understanding how Al learns

In one sentence: Backpropagation is the algorithm that makes training deep networks
practical.
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Motivation: Neural Networks with Many Layers (1)

» In a neural network with many layers, the function y is a many-level function
composition

y = (fK o fK*l O--+0 f-l)(X)7
where, for example,

> x: images as inputs, y: class labels (e.g., cat or dog) as outputs
» each f; has its own parameters

» In neural networks, with the model parameters 8 = {Ao, by,

s Ak_1,bg 1}
f, & o Minimizing the loss function over 8:
def
fi = o1(Aofo + bo) min L(6)
0 )

fi = ox(Ak_1fk_1+bk_1)  where L(8) = ||y — fx (6, )|
o o; is called the activation function
at i-th layer

(© Dr. Mohammed Alnemari
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Motivation: Neural Networks with Many Layers (2)

» In neural networks, with the model parameters 8 = {Ay, bo,

f, %x o Minimizing the loss function over 6:
def
fi = o1(Aofo + bo) min L(6)
. 0 ’
def
fi = ok(Ak_ifk—1+bk_1)  where L(8) = |ly — fx(8,x)]?
o o; is called the activation function
at i-th layer

. - dL .
» Question.How can we efficiently compute — in computers?

(© Dr. Mohammed Alnemari

oo Ak_1,bi_1}
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Backpropagation: Example (1)

> £(x) = /x2 + exp(x?) + cos (x* + exp(x?))
» Computation graph: Connect via “elementary” operations

a:X27 b:exp(a), C:a+b) d:\/Ea e:cos(c), f:d+e

» Automatic Differentiation

> A set of techniques to numerically (not symbolically) evaluate the gradient of a
function by working with intermediate variables and applying the chain rule.
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Backpropagation: Example (2)

> a=x% b=exp(a), c=a+b, d=+/c, e=cos(c), f=d+e

» Derivatives of the intermediate variables with their inputs

Oa ob oc _0c od 1 Oe . of 0

R i QR 9b’ ac ~aye ac ~ oM 5g 5
of .
> Compute Ix by working backward from the output
X
OF _0fod 0fve 0F _ofde  0f _ 1
dc 9ddc  dedc’ db  Oc b dc T 2y/c
of _ 0fdb  0f de _afaa of _ of of _ of of |
9a _ 0bda ' dcda |dx| 0adx o~ ac b ga P g0
of| _of
x| aa
34 /65
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Quick Recap: Backpropagation

|
What we just learned:

Build a computation graph from elementary operations
Compute derivatives of each elementary step

Work backward from output to input, chaining derivatives
Result: efficient gradient of the entire function!

vVvYyyvyy

Next up: Higher-order derivatives and Taylor approximations
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Backpropagation

» Implementation of gradients can be very expensive, unless we are careful.

» Using the idea of automatic differentiation, the whole gradient computation is
decomposed into a set of gradients of elementary functions and application of the
chain rule.

» Why backward?

» In neural networks, the input dimensionality is often much higher than the
dimensionality of labels.
» In this case, backward computation is much cheaper than forward computation.

> Works if the target is expressed as a computation graph whose elementary
functions are differentiable. If not, some care needs to be taken.
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Higher-Order Derivatives

» Some optimization algorithms (e.g., Newton's method) require second-order
derivatives, if they exist.

» (Truncated) Taylor series is often used as an approximation of a function.

> For f:R" R of variable x € R”, Vf = & = (%00 ... o) ¢ gixr
> |f f is twice-differentiable, the order doesn’'t matter.
f ok O
0x? Ox1 Oxz Ax1 Oxy
Vif=| :
%f 9*f *f
Ox1 Oxp Ox2 Oxp Oxp O

> For f : R R™, V,f € R
> Thus, V2f € R™"" (3 tensor)
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Function Approximation: Linearization and More

» First-order approximation of f(x) (i.e., linearization by taking the first two terms

of Taylor Series)
f(x) & f(x0) + (Vxf)(x0)(x — x0)

» Multivariate Taylor Series for f : RP — R at xg

f(x) = i M(;k,

k!
k=0

where DXf(xo) is the kth derivative of f w.r.t. x, evaluated at xq, and

def
5= x — xg.

» Partial sum up to, say n, can be an approximation of f(x).
> D)f(xo) and §* are kth order tensors, i.e., k-dimensional arrays.
> 6% is a k-fold outer product @. For example, > =6 @36 =06".> =56 ® 4.
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Calculus Concepts at a Glance

Concept Input — Output Result
Derivative f:R—>R scalar f/(x)
Partial Derivative f-R" =R scalar g—;
Gradient f:R" =R row vector € R**"
Jacobian f:R" - R" matrix € R™*"
Hessian f-R" =R matrix € R"*"

Pattern: As inputs/outputs grow in dimension, derivatives grow in dimension too!

(© Dr. Mohammed Alnemari
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Common Mistakes to Avoid

(1) Forgetting the chain rule in multi-layer functions
Each layer contributes a factor — multiply them all together.

(2) Confusing gradient shape (row vs. column)
Gradient of f : R” — R is a row vector (1 X n), not a column vector.

(3) Treating partial derivatives as total derivatives
% holds x», ..., x, fixed. The total derivative does not.

(4) Wrong matrix dimensions in the chain rule
Always check: inner dimensions must match when multiplying Jacobians.

(5) Forgetting that the Hessian is symmetric

: : ; .9 9%
For twice-differentiable f: DO = Oxg 0%
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Key Takeaways

(1) Derivative = rate of change; gradient = vector of all partial derivatives

(2) Chain rule is the foundation of backpropagation: compose simple derivatives to
get complex ones

(3) Jacobian (m x n matrix) generalizes the gradient for vector-valued functions
f:R” > R™

(4) Backpropagation = efficient gradient computation via chain rule applied backward
through a computation graph

(5) Hessian captures curvature (second-order information) — used in advanced
optimizers like Newton's method

(6) Concept Chain:

Derivative — Gradient — Jacobian — Backprop — Hessian — Taylor
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Questions?
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Review Question 1

» In machine learning, optimization minimizes a loss function. Explain how the
derivative definition

df im f(x+ h)— f(x)
dx  h—0 h

relates to updating model parameters in gradient descent.
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Review Question 2

» The chain rule is central to deep learning. Explain why

(8(f(x))) = g'(f(x))f'(x)

is required to train neural networks with multiple layers.
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Review Question 3

> For f : R” — R, the gradient gives the direction of steepest ascent. Explain how
gradients are used to update model parameters during training.
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Review Question 4

» Consider a neural network layer written as
f(x) = Ax.

Show that its Jacobian is A. What does this represent in terms of feature
transformation in deep learning?
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Review Question 5

» In computer vision, images are represented as high-dimensional vectors. Explain
how partial derivatives measure how sensitive the loss is to small changes in pixel
values.
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Review Question 6

» Using the chain rule,

df _ 0f Oa  OF Ox
dt  Ox; Ot  Oxp Ot

explain how backpropagation computes gradients through multiple layers.
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Review Question 7

» For the least-squares loss
L(6) = |ly — ®0|*,

explain what the matrix ® represents in machine learning and how minimizing this
loss corresponds to fitting a model.
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Review Question 8

» Explain why backpropagation is computationally efficient when training deep
neural networks with many parameters.
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Review Question 9

» The Hessian matrix contains second-order derivatives. Explain how curvature
information can influence optimization in machine learning (e.g., faster
convergence or instability).
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Review Question 10

» Taylor expansion gives a local approximation:
F(x) & f(x0) + (VF)(x0)(x — x0)-

Explain how this idea relates to linearization in machine learning models and local
behavior of neural networks.
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Theory (1): Backprop as Vector—Jacobian Products (VJP)

» Consider a composition
fK :(ﬁ(O)‘-K,lO---Oﬁ)(x)7 L:é(fK)

» Jacobians:

Cdef _df difK:JKJKil...Jl.

V= T i

» Naively storing J; is infeasible. Backprop computes VJP:

o _d
dfi_, — dfi =~
N~ dixdi_3

1xdi_; 1xd;

» Practical takeaway:

» Backward mode is efficient when output is scalar (typical loss).
» Complexity is comparable to forward pass (up to constant factors).
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Theory (2): Hessian Structure and Curvature-Aware Updates

» For parameters 8 € R”, gradient and Hessian:

VL) e RV V2L(0) e RP*P.

v

Second-order Taylor expansion:

L(O+ A) ~ L(0) + VL(O)A + %ATV2L(0)A.

v

Newton step (ideal):
A* = -V’L(8)'VL(O)".

» Why we care in deep nets:

» Sharp directions (large eigenvalues of V?2) constrain step size.
> Flat directions (small eigenvalues) dominate generalization behavior.

» Common approximation idea (diagonal / low-rank):

V2 & UkAdU} + AL
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Theory (3): Gauss—Newton / Fisher from Jacobians

>

>

For squared loss with residual r() € R":
1 N
LO) =IO,  r=y-3(0).
Jacobian of residuals:

def dr NxP
= —€R .
J q0 €

Gradient:
VL) =r"J,.
Exact Hessian:
N
VL) =3+ rVir.
i=1
Gauss—Newton approximation (drop the second term):
ViL(0) ~ ) ),
which is PSD and captures curvature near good fits (small r;).

Link to Fisher (probabilistic view): curvature ~ covariance of score.

(© Dr. Mohammed Alnemari
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Theory (4): Linearization and Adversarial Sensitivity

» First-order change in loss under input perturbation §:
L(x 4+ 0) =~ L(x) + ViL(x) 4.
» Worst-case (under />-budget ||d]|, < €):

max V,Ld = €l|[ViL],.

[I6]l,<e
» For {o-budget |4, < e
6" = esign(VyiL(x)) (FGSM-type direction).

» Vision connection:

» Robustness is controlled by Jacobian norms of the network.
» Regularizers such as ||Jx|| penalize local sensitivity.

(© Dr. Mohammed Alnemari
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Theory (5): Jacobian Rank and Feature Collapse

> Let f(x) € RY be a learned representation (penultimate layer). Jacobian:

def df dxD
I = p e R""™.

> Local dimension is governed by rank(Jy):

> If rank(Jx) < min(d, D), features vary only in a low-dim subspace.
» This is a differential view of representation collapse.

» A useful summary:
effective dim(x) ~ rank(Jy) or tr(JJy ).

» Practical link:

» Self-supervised methods control collapse by constraints on covariance / spectrum.
» In CNNs, collapse is often layerwise and spatially structured.
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PhD Level Content Only

The next slides are research-level vector calculus for deep learning theory:

Implicit bias via gradient flow

NTK / kernel regression dynamics

>

>

P Fisher geometry and natural gradients

» Spectral structure of Hessians in vision models
>

Differential view of invariances (Lie groups)

Not intended for undergraduate coursework
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PhD (6): Gradient Flow and Implicit Regularization

» Continuous-time limit of gradient descent:

d?j(tf) — _VeL(0(1).

» For linear regression with separable data and certain losses, gradient flow selects a
minimum-norm solution (implicit bias).

> Prototype statement (informal but useful):

0(t) converges to arg moin |6]l, s.t. zero training error.

» In deep linear networks, the induced implicit bias often corresponds to low-rank /
nuclear-norm-like structure on end-to-end maps.

» Conceptual bridge to your Lecture 4:

Training = spectral shrinkage of singular values.
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PhD (7): NTK as a Spectral Learning Operator

» Linearization at initialization @g:

fe(X) ~ ng(X) -+ ngeD(X)T(e — 90).

v

Define NTK kernel on dataset {x;}:

Kj = (Vef(x), Vof(x))-

v

Gradient descent on squared loss yields (in function space):

§(t) =y — e " (y — 9(0)).

v

Spectral decomposition K = UAUT gives modewise rates:

—nAgt
mode k converges at rate e """,

v

Vision implication: spectrum of K determines which patterns are learned first.
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PhD (8): Fisher Information and Natural Gradient

> Probabilistic model p(y|x, @) with negative log-likelihood loss L(8).
» Fisher information:
F(6) = E[Va log p(y|x, 8) Va log p(y|x,0)].
> Natural gradient step (Riemannian metric induced by F):
0" =0 —1nF(0) 'Vel(6).
» Spectral view:
F=UAU" = F'=urTU".
» Interpretation:

> learning is slowed along high-curvature directions
P preconditioning equalizes progress across parameter manifolds
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PhD (9): Hessian Spectrum, Sharpness, and Generalization

» Local quadratic model:

L6+ A)~ L(O)+ VLA + %ATV2L A.

> Let V2L = UAUT with eigenvalues \y > -+ > Ap.
» Sharpness proxy (spectral):
sharpness ~ A1 or tr( \ve L) Z)\
» In large vision nets, empirical Hessians are often:
> low effective rank (few large eigenvalues)
> heavy-tailed spectra (many small but nontrivial modes)
» Practical bridge:

SVD / low-rank approx = efficient curvature modeling.
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PhD (10): Differential Invariances via Lie Groups

v

Suppose a transformation group g(«) acts on inputs: x — g(a) - x.

» Invariance objective:
f(g(a) - x)~ f(x) Va small

» Differentiate at identity (a = 0):

% f(g(a) - x) T Vf(x) C% (g(a) - x) ~ 0.

a=0

» This yields a constraint on the gradient:
V.f(x) T(x) =0,
where T(x) spans the tangent space of the orbit (translations, rotations, etc.).

> Vision takeaway:

» CNN inductive bias approximates invariance by architectural constraints.
» Gradient-based regularizers can enforce invariances at training time.
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